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Abstract
Einstein-Yang-Mills-dilaton theory possesses sequences of neutral static spher-
ically symmetric black hole solutions. The solutions depend on the dilaton cou-
pling constant γ and on the horizon. The SU(2) solutions are labelled by the
number of nodes n of the single gauge field function, whereas the SO(3) solu-
tions are labelled by the nodes (n1, n2) of both gauge field functions. The SO(3)
solutions form sequences characterized by the node structure (j, j + n), where j
is fixed. The sequences of magnetically neutral solutions tend to magnetically
charged limiting solutions. For finite j the SO(3) sequences tend to magnetically
charged Einstein-Yang-Mills-dilaton solutions with j nodes and charge P =
√
3.
For j = 0 and j → ∞ the SO(3) sequences tend to Einstein-Maxwell-dilaton
solutions with magnetic charges P =
√
3 and P = 2, respectively. The latter also
represent the scaled limiting solutions of the SU(2) sequence. The convergence of
the global properties of the black hole solutions, such as mass, dilaton charge and
Hawking temperature, is exponential. The degree of convergence of the matter
and metric functions of the black hole solutions is related to the relative location
of the horizon to the nodes of the corresponding regular solutions.
Preprint hep-th/9605109
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1 Introduction
Motivated by higher-dimensional unified theories, such as Kaluza-Klein theory or su-
perstring theory, where a scalar dilaton field arises naturally, static black hole solutions
have been found in Einstein-Maxwell-dilaton (EMD) theory [1, 2]. In contrast to the
static charged black holes of Einstein-Maxwell theory, referred to as Reissner-Nordstrøm
(RN) black holes, the charged EMD black holes exist for arbitrarily small event horizon,
xH > 0. The “extremal” solutions of EMD theory, obtained in the limit xH = 0, possess
a naked singularity at the origin.
Recently static black hole solutions have also been studied in Einstein-Yang-Mills-
dilaton (EYMD) theory [3, 4, 5, 6, 7]. SU(2) EYMD theory possesses a sequence of
magnetically neutral static spherically symmetric black hole solutions, labelled by the
number of nodes n of the single gauge field function. The solutions exist for arbitrary
event horizon xH > 0 [3, 4, 5, 6, 7]. Here, in the limit xH → 0 regular particle-like
solutions are obtained [3, 4, 5, 8, 6, 7].
For finite dilaton coupling constant γ, the sequence of regular neutral SU(2) EYMD
solutions tends to the “extremal” EMD solution with the same dilaton coupling constant
γ and with charge P = 1 for large n [4, 8]. For finite event horizon xH and dilaton
coupling constant γ, the corresponding sequence of neutral black hole solutions of SU(2)
EYMD theory also tends to a limiting solution for large n. This limiting solution is the
EMD black hole solution with the same event horizon xH, the same dilaton coupling
constant γ, and with magnetic charge P = 1 [7].
The magnetically neutral black hole solutions of EYMD theory have many features
in common with those of Einstein-Yang-Mills (EYM) theory [9, 10, 11, 12]. In fact,
in the limit of vanishing dilaton coupling constant γ, the EYMD black hole solutions
approach those of EYM theory. In SU(2) EYM theory, the limiting solutions are the
RN black holes with charge P = 1 and event horizon xH, for xH > 1 [13, 14, 15, 16].
For sequences of black holes with xH < 1 and for the regular sequence [17], the limiting
solutions are different [13, 14, 15, 16].
The non-abelian SU(2) black hole solutions do not possess a global YM charge. Since
they are characterized not only by their mass but in addition by an interger n, they
represent (unstable [18, 19, 20, 21, 22]) counterexamples to the “no-hair conjecture”. In
contrast, SU(2) black holes with non-zero YM charge are uniquely characterized by their
mass and charge. Indeed, for SU(2) all static spherically symmetric EYM black hole
solutions with non-zero YM charge are embedded Reissner-Nordstrøm solutions [23,
24]. This “non-abelian baldness theorem” no longer holds for SU(3), where black hole
solutions with both Coulomb-like and essentially non-abelian gauge field configurations
exist [25, 26]. While these black hole solutions [25, 26] correspond to SU(2)×U(1)
solutions, the properties of genuine SU(3) black hole solutions have remained largely
unknown.
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The genuine magnetically neutral static spherically symmetric black hole solutions
of SU(3) EYM and EYMD theory are based on the SO(3) embedding. These solutions
can be labelled by the nodes (n1, n2) of both gauge field functions [27, 12, 7]. We
have constructed SU(3) EYM and EYMD black hole solutions with a small number of
nodes previously [12, 7], and we have identified two sequences of solutions together with
their limiting solutions [7]. These sequences are the sequence (0, n), containing the two
lowest genuine SU(3) solutions, and the sequence (n, n) of scaled SU(2) solutions. The
limiting solutions of these two sequences are again EMD solutions with the same event
horizon and dilaton coupling constant, but with magnetic charges P =
√
3 and P = 2,
respectively. The limiting solutions for γ = 0 and xH > P are the corresponding RN
black holes.
For SU(3) EYMD theory it is not a priori clear, in which way the black hole solutions
with general node structure (n1, n2) assemble to form sequences, converging to limiting
solutions. One may expect though, that the limiting solutions of the general sequences
of genuine SU(3) solutions are again magnetically charged solutions.
Here we construct genuine SU(3) black hole solutions with general node structure
(n1, n2). We show, that these solutions fall into sequences with node structure (j, j+n),
and we identify the limiting solutions of the new sequences with fixed finite j with
the known magnetically charged SU(3) black hole solutions [26, 25]. We study the
convergence of the matter and metric functions and of the global properties for these
sequences of solutions.
In section 2 we derive the SU(3) EYMD equations of motion based on spherically
symmetric ansa¨tze for the metric and the matter fields. We discuss the boundary
conditions and obtain relations between the metric and the dilaton field. In section 3
we consider SU(2) EYMD black hole solutions. We investigate their dependence on the
parameters xH and γ. We relate the degree of convergence of the matter and metric
functions of the black hole solutions to the relative location of the horizon to the nodes
of the corresponding regular solutions. We show, that the global properties of the
solutions, such as mass, dilaton charge and Hawking temperature [28, 3, 5, 7], converge
exponentially to those of the limiting solutions. In section 4 we discuss SU(3) EYMD
black hole solutions. We identify the general set of sequences of genuine SU(3) solutions.
We demonstrate that the convergence properties of these sequences are analogous to
those of the SU(2) sequence. In section 5 we present our conclusions. In appendices A
and B we review the limiting magnetically charged black hole solutions of EMD and
EYMD theory. We demonstrate that the “extremal” EMD and EYMD solutions agree
in many respects.
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2 SU(3) Einstein-Yang-Mills-Dilaton Equations of
Motion
2.1 SU(3) Einstein-Yang-Mills-Dilaton action
We consider the SU(3) Einstein-Yang-Mills-dilaton action
S = SG + SM =
∫
LG
√−gd4x+
∫
LM
√−gd4x (1)
with
LG =
1
16πG
R , (2)
and matter Lagrangian
LM = −1
2
∂µΦ∂
µΦ− e2κΦ1
2
Tr(FµνF
µν) , (3)
where
Fµν = ∂µAν − ∂νAµ − ig[Aµ, Aν ] , (4)
Aµ =
1
2
λaAaµ , (5)
and g and κ are the gauge and dilaton coupling constants, respectively.
Variation of the action eq. (1) with respect to the metric gµν leads to the Einstein
equations
Gµν = Rµν − 1
2
gµνR = 8πGTµν (6)
with stress-energy tensor
Tµν = gµνLM − 2∂LM
∂gµν
= ∂µΦ∂νΦ− 1
2
gµν∂αΦ∂
αΦ+ 2e2κΦTr(FµαFνβg
αβ − 1
4
gµνFαβF
αβ) , (7)
and variation with respect to the gauge field Aµ and the dilaton field Φ leads to the
matter field equations.
2.2 Static spherically symmetric ansa¨tze
To construct static spherically symmetric black hole solutions we employ Schwarzschild-
like coordinates and adopt the spherically symmetric metric
ds2 = gµνdx
µdxν = −A2Ndt2 +N−1dr2 + r2(dθ2 + sin2 θdφ2) , (8)
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with
N = 1− 2m
r
. (9)
For SU(2) EYMD theory, the static spherically symmetric ansatz for the gauge field
with vanishing time component is,
A0 = 0 ,
Ai =
1− w(r)
2rg
(~er × ~τ)i , (10)
with the SU(2) Pauli matrices ~τ = (τ1, τ2, τ3). For SU(3) EYMD theory, generalized
spherical symmetry for the gauge field is realized by embedding the SU(2) or the SO(3)
generators in SU(3). In the SU(2)-embedding, the ansatz is given by (10) with ~τ
replaced by ~λ = (λ1, λ2, λ3). In the SO(3)-embedding, the corresponding ansatz for the
gauge field with vanishing time component is
A0 = 0 ,
Ai =
2−K(r)
2rg
(~er × ~Λ)i + H(r)
2rg
[
(~er × ~Λ)i, ~er · ~Λ)
]
+
, (11)
where [ , ]+ denotes the anticommutator, and ~Λ = (λ7,−λ5, λ2). For the dilaton field
we take Φ = Φ(r).
2.3 Field equations
For the above ansa¨tze we now evaluate the tt and rr components of the Einstein
equations. The metric (8) yields the components of the Einstein tensor
Gtt =
2m′A2N
r2
= 8πGTtt = −8πGA2NLM , (12)
and
Grr = − Gtt
A2N2
+
2
r
A′
A
= 8πGTrr , (13)
where the prime indicates the derivative with respect to r.
The spherically symmetric ansa¨tze for the fields, eqs. (10) and (11), yield the tt
and rr components of the stress-energy tensor, Ttt = −A2NLM , with
LM = −1
2
NΦ′2 − e
2κΦ
g2r2
[
Nw′2 +
1
2r2
(
w2 − 1
)2]
(14)
and Trr
Trr =
1
N
LM + Φ
′2 +
2e2κΦ
g2r2
w′2 (15)
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for the SU(2) embedding, and with
LM = −1
2
NΦ′2 − e
2κΦ
g2r2
[
N(K ′2 +H ′2) +
1
8r2
((
K2 +H2 − 4
)2
+ 12K2H2
)]
(16)
and
Trr =
1
N
LM + Φ
′2 +
2e2κΦ
g2r2
(K ′2 +H ′2) (17)
for the SO(3) embedding.
Let us now introduce the dimensionless coordinate x,
x =
g√
4πG
r, (18)
(the prime indicating now the derivative with respect to x), the dimensionless mass
function µ(x),
µ =
g√
4πG
m =
gmPl√
4π
m , (19)
the dimensionless dilaton field φ,
φ =
√
4πGΦ , (20)
and the dimensionless coupling constant γ,
γ = κ/
√
4πG . (21)
The choice γ = 1 corresponds to string theory, whereas 4+n dimensional Kaluza-Klein
theory has γ2 = (2 + n)/n [1].
With these definitions we then obtain the dimensionless EYMD equations. For
SU(2) [3, 4, 5, 8, 6] the equations for the metric functions are
µ′ =
1
2
Nx2φ′2 + e2γφ
[
Nw′2 +
1
2x2
(
w2 − 1
)2]
, (22)
A′ =
2
x
[
1
2
x2φ′2 + e2γφw′2
]
A , (23)
and the equations for the matter field functions are
(e2γφANw′)′ =
e2γφ
x2
Aw
(
w2 − 1
)
, (24)
(ANx2φ′)′ = 2γAe2γφ
[
Nw′2 +
1
2x2
(
w2 − 1
)2]
. (25)
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For SO(3) [7], the equations for the metric functions are
µ′ =
1
2
Nx2φ′2 + e2γφ
[
N(K ′2 +H ′2) +
1
8x2
((
K2 +H2 − 4
)2
+ 12K2H2
)]
, (26)
A′ =
2
x
[
1
2
x2φ′2 + e2γφ(K ′2 +H ′2)
]
A , (27)
and the equations for the matter field functions are
(e2γφANK ′)′ =
e2γφ
4x2
AK
(
K2 + 7H2 − 4
)
, (28)
(e2γφANH ′)′ =
e2γφ
4x2
AH
(
H2 + 7K2 − 4
)
, (29)
(ANx2φ′)′ = 2γAe2γφ
[
N(K ′2 +H ′2) +
1
8x2
((
K2 +H2 − 4
)2
+ 12K2H2
)]
. (30)
With help of eq. (23) for SU(2) or eq. (27) for SO(3) the metric function A can
be eliminated from the matter field equations. Note that the SU(2) equations are
symmetric with respect to the transformation w(x)→ −w(x), and the SO(3) equations
are symmetric with respect to both an interchange of the functions K(x) and H(x),
and to the transformations K(x) → −K(x), and H(x) → −H(x), thereby yielding
degenerate solutions.
2.4 Boundary conditions
Let us now consider the boundary conditions for the black hole solutions of EYMD
theory. Requiring asymptotically flat solutions implies that the metric functions A and
µ both must approach a constant at infinity. We here adopt
A(∞) = 1 , (31)
thus fixing the time coordinate. For magnetically neutral solutions the gauge field
functions approach a vacuum configuration, i. e. for SU(2)
w(∞) = ±1 , (32)
and for SO(3)
K(∞) = ±2 , H(∞) = 0 , (33)
K(∞) = 0 , H(∞) = ±2 . (34)
For the dilaton field we choose [3, 4, 8, 6, 7, 29]
φ(∞) = 0 . (35)
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Magnetically charged solutions require different boundary conditions for the gauge field
functions.
The existence of a regular event horizon at xH requires for the metric functions
µ(xH) =
xH
2
, (36)
and A(xH) <∞. The matter functions must satisfy at the horizon xH
N ′w′ =
1
x2
w
(
w2 − 1
)
, (37)
N ′φ′ =
γe2γφ
x4
(
w2 − 1
)2
(38)
for SU(2) and
N ′K ′ =
1
4x2
K
(
K2 + 7H2 − 4
)
, (39)
N ′H ′ =
1
4x2
H
(
H2 + 7K2 − 4
)
, (40)
N ′φ′ =
γe2γφ
4x4
[(
K2 +H2 − 4
)2
+ 12K2H2
]
(41)
for SO(3).
On considering the regular solutions, we observe that they satisfy the same boundary
conditions at infinity as the black hole solutions. However, at the origin, regularity of
the solutions requires
µ(0) = 0 , (42)
and the gauge field functions must satisfy
w(0) = ±1 , (43)
for SU(2) and
K(0) = ±2 , H(0) = 0 , (44)
K(0) = 0 , H(0) = ±2 , (45)
for SO(3), and the dilaton field satisfies
φ′(0) = 0 . (46)
As in EYM theory [17, 12], it is sufficient to consider solutions with w(0) = 1 for SU(2)
and with K(0) = 2 and H(0) = 0 for SO(3).
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2.5 Relations between metric and dilaton field
Let us now derive relations between the dilaton field and the metric functions for purely
magnetic (or electric) gauge fields of a general gauge group. For that purpose, we return
to eq. (3) and introduce the gauge field Lagrangian LA
LM = −1
2
∂µΦ∂
µΦ+ e2κΦLA . (47)
From the matter field action we then obtain the equation of motion for a static spher-
ically symmetric dilaton field
(ANr2Φ′)′ = −2κAe2κΦr2LA , (48)
where for the moment we retain the dimensioned quantities. Next we return to the tt
component of the Einstein equations, eq. (12),
m′ = 4πG
(
1
2
Nr2Φ′2 − ηe2κΦr2LA
)
, (49)
where η = 1 (η = −1) for purely magnetic (electric) gauge fields. With the help of this
equation (49), we eliminate the gauge field from the dilaton equation (48)
(ANr2Φ′)′ = 2ηκA
(
m′
4πG
− 1
2
Nr2Φ′2
)
. (50)
We then consider the contracted Einstein equations. For purely magnetic (or electric)
gauge fields the contracted gauge field stress energy tensor vanishes, yielding for the
curvature scalar
R = 8πGNΦ′2 . (51)
Thus the r.h.s of the dilaton equation (50) can be expressed purely in terms of metric
functions
(ANr2Φ′)′ = η
2κ
4πG
(
Am′ − 1
4
Ar2R
)
. (52)
With
Ar2R = −
[
r2(2A′N + AN ′)
]′
+ 4Am′ (53)
we then obtain for the dilaton field the equation
(ANx2φ′)′ =
η
2
γ
(
x2(2A′N + AN ′)
)′
, (54)
where we have returned to dimensionless quantities. This equation can be integrated,
yielding
φ′ =
η
2
γ
(
ln(A2N)
)′
+
C
ANx2
, (55)
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where C is an integration constant. In the following we only consider purely magnetic
gauge fields (η = 1).
We are now interested in global relations between the metric and the dilaton field,
involving the mass µ(∞) and the dilaton charge D, which we define via
φ(x)
x→∞−→ −D
x
. (56)
We further introduce the dimensionless Hawking temperature T for the metric (8)
[28, 3, 5, 7]
T = TSA(1− 2µ′)|xH = TSxHAN ′|xH , (57)
where TS = (4πxH)
−1 is the Hawking temperature of the Schwarzschild black hole.
We now integrate eq. (54) from the horizon to infinity. The asymptotic behaviour
of the dilaton field is given by eq. (56). The metric functions approach constants
asymptotically, A(∞) = 1 and N(∞) = 1 (see sect. 2.4), while their derivatives tend
to zero [3, 4, 8]
A′(x)
x→∞−→ O
(
1
x3
)
, N ′(x)
x→∞−→ 2µ(∞)
x2
+O
(
1
x3
)
. (58)
At the horizon, the metric function N(xH) vanishes, while N
′(xH) is related to the
Hawking temperature (57). These boundary conditions then yield for the black holes
the relation [7, 30]
D = γ
(
µ(∞)− 1
2
x2HAN
′|xH
)
= γµ(∞)
(
1− µS
µ(∞)
T
TS
)
, (59)
where µS = xH/2 is the mass of the Schwarzschild black hole. Relation (59) holds for
static, spherically symmetric, magnetic gauge fields of general gauge groups (provided
the metric functions have the proper asymptotic behaviour). Thus besides the magnet-
ically neutral SU(2) and SO(3) black holes considered here, relation (59) also holds for
the magnetically charged EMD black holes [1, 2] and the magnetically charged SU(3)
EYMD black holes [26].
The integration constant C in relation (55) is given by
C = D − γµ(∞) . (60)
According to (59) it does not vanish for black holes in general [31]. Integration of
eq. (55) therefore does not yield a simple expression for black holes.
Let us now consider the above relations for the regular solutions. By integrating
eq. (54) from zero to infinity we obtain the simple relation [32]
D = γµ(∞) . (61)
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Consequently the integration constant C in eq. (55) vanishes for regular solutions.
Integrating eq. (55) from x to infinity therefore gives the simple relation [32, 31]
φ(x) =
1
2
γ ln(A2N) =
1
2
γ ln(−gtt) . (62)
Again, these relations are valid for static, spherically symmetric, magnetic gauge fields
of general gauge groups.
3 SU(2) Einstein-Yang-Mills-Dilaton Black Holes
SU(2) EYMD theory possesses a sequence of magnetically neutral static spherically
symmetric black hole solutions, which can be labelled by the number of nodes n of the
gauge field function, wn(x) [3, 4, 5, 6, 7]. These black hole solutions exist for arbitrary
dilaton coupling γ and for arbitrary event horizon xH > 0. In the limit xH → 0, regular
particle-like solutions are obtained [3, 4, 5, 8, 6, 7].
The sequences of SU(2) EYMD solutions converge to limiting solutions. In the
following, we demonstrate numerically that in the limit n→∞, given a dilaton coupling
constant γ and an event horizon xH, the corresponding sequence of neutral SU(2)
EYMD black hole solutions tends to the charged EMD black hole solution with the
same dilaton coupling constant γ, the same event horizon xH and with magnetic charge
P = 1 [7]. This generalizes the earlier observation [4, 8], that for a given coupling
constant γ, the sequence of regular neutral SU(2) EYMD solutions converges to the
charged “extremal” EMD solution with the same coupling constant γ and with magnetic
charge P = 1. (For completeness we review the EMD black hole solutions in appendix
A.)
3.1 γ = 1
Since the coupling constant γ = 1 corresponds to the case of the low energy effective
action of string theory, it deserves special attention. SU(2) black hole solutions for
γ = 1 have been studied in [3, 6], where in [6] the effect of a small dilaton mass has
additionally been considered.
We first discuss the properties of the black hole solutions of the stringy SU(2)
sequence for a given event horizon. We relate the degree of convergence of the n-th
EYMD solution with respect to the limiting EMD solution to the location of the event
horizon. We observe, that the smaller the event horizon xH, the larger is the value of
the lowest n of the solution for which the functions have converged well.
Let us begin with a small event horizon xH = 0.01. In Figs. 1a-e we present the
lowest black hole solutions with an odd number of nodes, n = 1, 3, 5 and 7 for this
event horizon. (Table 1 shows their dimensionless mass.) In particular, we present the
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EYMD matter functions wn and φn and metric functions Nn, An and P
2
n , where the
charge function P 2n is obtained from the metric coefficient gtt according to [3]
gtt = −

1− 2µ(∞)
x
√
1 +
D2
x2
+
P 2n
x2

 , (63)
such that P = 1 in the abelian limiting case. For comparison we also show the corre-
sponding functions of the limiting EMD black hole solution, having the same horizon
but magnetic charge P = 1.
Fig. 1a shows the EYMD gauge field functions wn and the EMD function w∞ ≡ 0.
The value of wn at the horizon decreases with increasing n towards the limiting value of
zero. The location of the innermost node of wn decreases with n, while the location of
the outermost node of wn increases with n, and thus wn approaches the limiting value of
zero in an increasingly larger region inbetween. The gauge field function w7 is already
close to zero over a region of many orders of magnitude. Obviously, with increasing n
the EYMD gauge field functions wn tend (nonuniformly) to the EMD function w∞ ≡ 0.
As seen in Fig. 1b, with increasing n the EYMD dilaton functions φn also tend to
the EMD function φ∞. The EYMD dilaton functions φn differ significantly from the
EMD function φ∞ only in an interior region, which decreases with n. Already for φ7
there is no notable deviation from the limiting function to be observed.
Turning to the metric functions, we observe a similar pattern of convergence. As
seen in Fig. 1c, the EYMD functions Nn tend to the EMD function N∞. The limiting
EMD function N∞ rises from zero at the event horizon to a plateau N∞ ≈ 1/4, and then
rises further. Again, significant deviations between the EYMD and the EMD functions
occur only in an interior region, which decreases with n. There the EYMD functions Nn
develop a peak, decreasing in size with n. Again, for N7 there is no notable deviation
from the limiting function to be observed.
As seen in Fig. 1d, the EYMD metric functions An also tend to the EMD function
A∞. Again, significant deviations between the EYMD and the EMD functions occur
only in a decreasing interior region, and for A7 there is no notable deviation from the
limiting function to be observed.
In Fig. 1e the EYMD magnetic charge functions P 2n are seen and compared to
the constant EMD magnetic charge, P∞ ≡ 1. The magnetic charge Pn tends to the
limiting value P∞ in a large inner region, roughly limited by the outermost node of
the EYMD gauge field function wn. Beyond this region, the magnetic charge function
decays rapidly to zero. (Only for n = 1 there is a significant deviation from the limiting
magnetic charge even in the inner region.)
To understand this relation between the gauge field functions and the charge func-
tions, we insert the asymptotic expansion (for large x) of the EYMD functions in
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eq. (63). This yields for the magnetic charge function
P 2n =
4
3
µ(∞)D2 1
x
+ (w2n(1) +
2
3
µ2(∞)D2) 1
x2
+O(
1
x3
) (64)
where the constant wn(1) is the (1/x) expansion coefficient of the gauge field function
wn, wn = (−1)n + wn(1)/x + O(1/x2). The value of wn(1) is larger than µ(∞) and D
by six orders of magnitude, therefore the magnetic charge function has (up to a sign)
approximately the same expansion coefficient as the gauge field function. The region
where wn reaches its asymptotic value is thus the same as the region where Pn decays
to zero, i. e. the region beyond the outermost node of the gauge field function. Indeed,
comparing the functions P 2n and (wn+1)
2, shown in Fig. 1e for n = 7, we observe, that
they are very close beyond the outermost node of the gauge field function.
To gain more insight into the above observed pattern of convergence, let us consider
for a moment the regular solutions. In Figs. 2a-b we show the regular EYMD gauge
field functions wn and metric functions Nn for n = 1, 3, 5 and 7. The sequence of regular
solutions converges to the “extremal” EMD solution [4, 8], which is also shown.
Let us now discuss some features of these solutions. With increasing n, the inner-
most node z(1)n of the EYMD gauge field functions wn decreases exponentially to zero, as
seen in Fig. 2a (see also Table 2), whereas the outermost node increases exponentially.
The boundary conditions for the gauge field functions wn do not allow for a uniform
convergence to the EMD function w∞ ≡ 0. But the region where both EYMD and
EMD functions are close increases exponentially with n. The EYMD metric functions
Nn approach the value one at the origin, whereas the EMD function N∞ monotoni-
cally approaches one quarter. Therefore there is again no uniform convergence of the
EYMD functions to the limiting EMD function possible. But, as seen in Fig. 2b, the
region, where the EYMD and EMD functions closely agree, again increases exponen-
tially with n. We observe again that strong deviations of the functions Nn from the
limiting function N∞ occur only in an interior region, decreasing exponentially with
n. In the vicinity of the innermost node z(1)n of wn, the function Nn has already come
quite close to N∞, and beyond the second node z
(2)
n of wn both functions closely agree
(with the exception of N1).
The EYMD dilaton functions φn approach constant values close to the origin which
decrease linearly with n. Further from the origin they approach the limiting EMD
function φ∞. The interior regions, where the functions φn deviate significantly from
the limiting solution φ∞, are limited by the respective location of the innermost node
z(1)n of wn (with the exception of φ1). The EYMD metric functions An exhibit an
analogous pattern with respect to their convergence to the EMD function A∞. They
deviate significantly from the limiting function in an interior region, extending slightly
beyond the innermost node z(1)n of wn (with the exception of A1).
Turning now back to the EYMD black hole solutions we observe, that the regu-
lar solutions have considerable influence on the black hole solutions for small horizon
13
size and that the innermost nodes of the regular EYMD gauge field functions largely
determine the pattern of convergence. The location of these innermost nodes z(1)n is
presented in Table 2. In particular we note, that for the black hole solutions of Figs. 1,
the location of the innermost node of the regular gauge field function with seven nodes
is smaller than the event horizon xH = 0.01. This fact has important consequences.
Considering the black hole gauge field functions wn, we see that they are large at
the horizon as long as the horizon is small compared to the location of the innermost
node z(1)n of the corresponding n-th regular gauge field function. Thus w1 − w5 are
large at the horizon, whereas w7 is small. Consequently, w7 deviates strongly from the
limiting function only in the far region where, beyond the last node, it must approach
its boundary value. The black hole dilaton functions φn deviate significantly from the
limiting function only in the interior region between the event horizon and the location
of the innermost node z(1)n of the corresponding n-th regular gauge field function. Thus
there is no notable deviation left for φ7. The same is true for the metric functions N7
and A7. Further, we now recognize that the peak in the functions N1 − N5, located
shortly behind the event horizon, represents the tendency of these functions towards
the corresponding regular metric functions. Also the functions Nn and An for n < 7
deviate significantly from the limiting functions only in the interior region between
the event horizon and (slightly beyond) the location of the innermost node z(1)n of the
corresponding n-th regular gauge field function.
Choosing different values for the event horizon xH we realize that the above observa-
tions are rather general. Considering solutions with event horizon xH = 0.1, we see that
already the location of the innermost node of the fourth regular gauge field function is
smaller than xH. Consequently, there are already for φ4, N4 and A4 no notable devia-
tions from the limiting functions left. The convergence of the gauge field functions is
somewhat slower, though w5 is already small at the event horizon. Increasing the event
horizon further to xH = 1, shows that only the location of the innermost (and only)
node of the first regular solution is still larger than the event horizon. Consequently,
there are now already for φ2, N2 and A2 no notable deviations from the limiting func-
tions left, while w3 is small at the event horizon. For still larger horizons, xH ≥ 10, no
notable deviations are left even for the functions φ1, N1 and A1.
We demonstrate this dependence of the degree of convergence on the event horizon
in Fig. 3, where we show the gauge field function w7 for the event horizons xH = 0, 0.01,
0.1 and 1. A more quantitative analysis of the dependence of the degree of convergence
of the functions is shown in Figs. 4a-b. There the functions ∆wn and ∆φn, defined as
the relative deviations of the EYMD functions (1−wn) and φn from the EMD functions
(1− w∞) and φ∞ at the horizon
∆wn(xH) =
|(1− wn(xH))− (1− w∞(xH))|
(1− w∞(xH)) = |wn(xH)− w∞(xH)| , (65)
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∆φn(xH) =
|φn(xH)− φ∞(xH)|
|φ∞(xH)| , (66)
are shown as functions of the horizon for n = 1 − 5. Also shown are the locations of
the two innermost nodes z(1)n and z
(2)
n of the corresponding regular solutions.
In Fig. 4a we observe, that the function ∆wn(xH) crosses the line indicating the
location of the innermost node of the n-th regular solution, z(1)n , at a value of 0.27,
for large n. ∆wn(xH) crosses the line indicating the location of the innermost node of
the (n− 1)-th regular solution, z(1)n−1 (which is located approximately halfway between
the innermost and the second node), at a value of 0.05. (It crosses the line indicating
the location of the innermost node of the (n + 1)-th regular solution, z
(1)
n+1 at 0.75 .)
Considering the function ∆φn, shown in Fig. 4b, we see, that ∆φn is much smaller
than ∆wn. In particular, the function ∆φn crosses the line indicating z
(1)
n at a value
of approximately 0.01 for the larger n. We observe, that for the larger n, the crossings
lie again on straight lines, which however have a small positive slope. Concluding we
observe, that the solutions are converged well to the limiting solution for xH ≫ z(1)n .
Let us now consider the global properties of the solutions, the mass, the dilaton
charge and the Hawking temperature. We recall, that these global properties are not
independent, but related by relation (59). The dimensionless mass µ, the dilaton charge
D and the Hawking temperature T/TS for the black hole solutions with n = 1− 7 and
event horizons xH = 0, 0.01, 0.1 and 1 are given in Table 1.
To discuss the inverse Hawking temperature β = T−1 of the black hole solutions as
a function of their mass µ(∞), we first recall the case of the limiting EMD solution,
which is special for γ = 1. Here the inverse Hawking temperature is a straight line as a
function of mass, T−1 = 4πX+ = 8πµ(∞) (see appendix A). Note, that this is the same
relation as the one obtained for Schwarzschild black holes. However, the EMD curve
does not extend to the origin, since the “extremal” EMD solution has a finite mass and
a finite temperature. For P = 1 this lower limiting mass is 1/
√
2. In Fig. 5 we show
the inverse Hawking temperature as a function of the mass for the EYMD black holes
with n = 1 − 4. As expected, the curves converge rapidly towards the limiting EMD
curve, also shown.
Let us now consider the convergence of the global properties of the black hole
solutions in more detail. The mass, the dilaton charge and the Hawking temperature
converge exponentially to the corresponding properties of the limiting EMD solution.
To demonstrate this, we define ∆µn as the deviation of the mass of the n-th EYMD
solution from the mass of the limiting EMD solution and make an exponential ansatz
for the n-dependence
∆µn = µ∞(∞)− µn(∞) = aµe−αµn . (67)
We define ∆Dn and ∆Tn for the dilaton charge and the Hawking temperature analo-
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gously,
∆Dn = D∞ −Dn = aDe−αDn , (68)
∆Tn =
Tn
TS
− T∞
TS
= aT e
−αTn . (69)
The coefficients a and α still depend on the parameters, the horizon xH and the dilaton
coupling constant γ.
A logarithmic convergence then requires the function ln (∆µn) to be a straight line
as a function of n. This is indeed the case, as seen in Fig. 6, for the regular solutions
and for the black hole solutions with xH ≥ 1. However for small xH and small values
of n, we observe deviations from straight lines. These deviations are again related to
the relative location of the horizon to the innermost nodes z(1)n of the regular solutions.
When the location of the innermost node of the n-th regular solution becomes smaller
than the horizon, the values of ln (∆µn) for the solutions with larger n fall on a straight
line, whereas those for smaller n are close to the straight line of the regular solutions.
We observe, that the straight lines for the various finite values of the horizon are
parallel, indicating the same coefficient α for all xH. (The coefficient α is different for
the regular solutions.) For small horizons the lines are roughly equally spaced; the
same is true for large horizons. This suggests one to parametrize the coefficients α and
a with the following xH dependence
α(xH) = const. , a(xH) =
b
(xH)δ
. (70)
Approximately, we find αµ = 3.6, bµ = 1.2 and δµ = 2 for small values of the horizon,
xH ≤ 1, and the same αµ but bµ = 0.8 and δµ = 1 for large values of the horizon,
xH ≫ 1.
The functions ln (∆Dn) and ln (∆Tn) follow a similar pattern as the function ln (∆µn).
The coefficient α is approximately the same for all three functions, as expected, be-
cause of relation (59). Also the coefficients b and δ for the three functions are related,
satisfying relation (59). In particular, δT = δµ + 1. The constants α, b and δ for the
mass, the dilaton charge and the Hawking temperature obtained by a mean square fit
to our numerical data are given in Table 3.
In fact for large xH one obtains an analytic handle on some of the coefficients. For
instance, it follows analytically, that
δµ = δD = 1 , δT = 2 , (71)
and, allowing for general γ, one finds
bD = 2γbµ , bT = 2bµ , (72)
which is indeed confirmed by the calculations.
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3.2 γ 6= 1
In the following we discuss the convergence of the sequences of EYMD black hole
solutions to the corresponding limiting EMD solutions for γ 6= 1. Note, that the values
of γ in 4 + n-dimensional Kaluza-Klein theory, γ2 = (2 + n)/n [1] (with n = 1, 2 and
4 for U(1), SU(2) and SU(3), respectively), are in the range γ > 1. The limit γ → 0
needs special consideration.
The EYMD black hole solutions and their limiting EMD solutions depend smoothly
on the dilaton coupling constant for finite γ. Not surprisingly therefore, they follow
the same pattern of convergence for any finite γ as for γ = 1. However, the degree of
convergence of an EYMD black hole solution now also depends on γ. To analyze this
dependence, let us inspect Table 2, where the location of the innermost node z(1)n of the
seven lowest regular EYMD gauge field functions is presented for the dilaton coupling
constants γ = 0.1, 0.5, 1 and 2. For finite γ, the sequences of nodes z(1)n approach zero
exponentially with increasing n,
z(1)n (γ) = dγe
−cγn . (73)
The coefficients dγ and cγ increase with γ. Thus the nodes z
(1)
n (γ) converge faster to
zero for γ > 1 and slower for γ < 1, as compared to γ = 1.
The implications for the convergence of the sequences of EYMD black hole solutions
are obvious. Let n be the number of nodes of the first EYMD black hole solution of
a sequence with fixed horizon xH, for which the functions have largely assumed their
limiting values. Then n becomes smaller, the larger the value of the dilaton coupling
constant γ. This is demonstrated in Figs. 7a-b, where we show the EYMD gauge field
function w7 and the metric function N7 of the black hole solutions with dilaton coupling
constants γ = 0, 0.5, 1 and 2 and event horizon xH = 0.01, as well as the corresponding
EMD solutions [33]. According to Table 2, the location of the innermost node z
(1)
7 (γ) of
the regular EYMD gauge field functions is larger than this horizon for γ = 0 and 0.5, so
the corresponding EYMD black hole functions show large deviations from the limiting
EMD functions in the inner regions. In contrast, for γ = 1 and 2, where z
(1)
7 (γ) < xH,
the EYMD functions have largely assumed their limiting EMD values.
The value γ = 0 is special, since EYMD theory then reduces to EYM theory. The
limiting behaviour of the sequences of EYM black hole solutions with horizon xH has
been discussed before [13, 14, 15, 16]. For xH > 1 the limiting solutions are the RN black
hole solutions with charge P = 1. For black hole solutions with smaller event horizons
and for the regular solutions the limiting solutions are more complicated, having a mass
µ(∞) = 1, independent of the horizon [13, 14, 15, 16]. In this case the solutions must
be considered separately in two regions, the inner region x < 1 and the outer region
x > 1. In the outer region the limiting solution is given by the extremal RN black hole
solution, while in the inner region the solution is of an oscillating type with w∞ 6= 0
[13, 14, 15, 16].
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Because of this different limiting behaviour of the black hole solutions for γ = 0
(and xH < 1) the limit γ → 0 is non-trivial. We will consider this limit separately
elsewhere [34].
Let us now consider the inverse Hawking temperature β for general γ beginning with
the limiting EMD black hole solutions. For γ > 1, the temperature in the “extremal”
limit diverges, i. e. β is zero. The curve β versus mass then rises monotonically and
approaches the Schwarzschild curve from below for large values of the horizon. For
0 < γ < 1 the temperature in the “extremal” limit is zero, i. e. β diverges in the
“extremal” limit. The curve β versus mass then falls to a minimum and approaches
the Schwarzschild curve from above for large values of the horizon. For γ = 0 the
Reissner-Nordstrøm case is obtained. In contrast to the “extremal” EMD solutions,
the extremal RN solution has a finite horizon, xH = µ = P = 1.
In Fig. 8, we show the convergence of the inverse temperature versus mass curves
for the sequences of EYMD black holes with n = 1 − 4 to the corresponding curves
for the limiting EMD black hole solutions for γ = 0.5 and 2. (The EYM case γ = 0
is shown in Fig. 5). Depending on the dilaton coupling constant γ and the number of
nodes n, phase transitions can occur [5, 35, 7]. We observe, that for γ ≥ 1 no phase
transitions occur, since the inverse temperature curves rise monotonically for all n like
the corresponding limiting EMD curves. In contrast, for γ < 1, phase transitions do
occur for all members of a sequence beyond some critical ncr(γ). The reason for this
behaviour is, that for γ < 1 the inverse temperature curve of the black hole solutions
of a sequence approaches the inverse temperature curve of the corresponding limiting
EMD black hole solutions from below. But while there is one phase transition along the
limiting EMD curve, which starts from β = ∞, there are two phase transitions along
the EYMD curves (beyond some critical ncr), which start from β = 0 and therefore
develop two extrema; a maximum and a minimum. The value γ = 1 is special in EYMD
and EMD theory. Only for γ < 1 phase transitions can occur.
4 SU(3) Einstein-Yang-Mills-Dilaton Black Holes
Let us now turn to the magnetically neutral static spherically symmetric black hole
solutions of SU(3) EYMD theory. Besides the solutions discussed in section 3, corre-
sponding to the SU(2) embedding, SU(3) EYMD theory possesses magnetically neutral
static spherically symmetric black hole solutions, corresponding to the SO(3) embed-
ding. As in EYM theory [27, 12], these SO(3) solutions can be labelled by the nodes
of both gauge field functions [7]. Here we adopt the classification of the solutions with
respect to the node structure of the functions (u1, u2) [27, 12, 7],
u1(x) =
K(x) +H(x)
2
, u2(x) =
K(x)−H(x)
2
. (74)
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We denote the number of nodes of the functions u1 and u2 by n1 and n2, respectively,
and the total number of nodes by nT . (For SO(3) solutions nT = n1 + n2.) Due to
the symmetry H(x)→ −H(x) (see section 2.3), solutions with node structures (n1, n2)
and (n2, n1) are equivalent, and it is sufficient to consider solutions with n1 ≤ n2.
Previously, we have only constructed magnetically neutral SU(3) EYMD and EYM
black hole solutions with a small number of nodes [7, 12]. The lowest SO(3) black hole
solution has nT = 1 and node structure (0, 1), the second solution has nT = 2 and
node structure (0, 2). The third and fourth solution have also nT = 2, but both have
the same node structure (1, 1). Therfore the node structure (n1, n2) does not seem to
classify the SO(3) solutions uniquely. However, the third solution is a scaled SU(2)
solution, where u1 = u2 = w, and only the fourth solution is a genuine SO(3) solution,
where the two gauge field functions are not proportional. The two next solutions have
nT = 3 and node structure (0, 3) and (1, 2), respectively. We have listed the lowest
solutions with nT ≤ 5 in Table 4, where their mass is shown for γ = 1 and several
values of the horizon, xH = 0, 0.5, 1, 2.
In our previous analysis [12, 7], we have identified two sequences of solutions: the
genuine SO(3) sequence (0, n), containing the lowest SO(3) solution, and the sequence
(n, n) of scaled SU(2) solutions. As in the SU(2) case, the limiting solutions of these
two neutral sequences are magnetically charged EMD solutions, with the same event
horizon and the same dilaton coupling constant. However, their magnetic charges are
P =
√
3 and P = 2, respectively [7]. We discuss the convergence of these sequences in
detail below.
From our previous analysis [7, 12] it has not been clear yet, in which way SO(3) black
hole solutions with general node structure (n1, n2) assemble to form sequences, which
converge to limiting solutions. Below we construct sequences from the neutral SU(3)
black hole solutions with general node structure (n1, n2), and we identify the limiting
solutions of these neutral sequences with the known magnetically charged SU(3) black
hole solutions [26, 25].
4.1 (n, n) sequences
The solutions with node structure (n, n) often come in pairs (see Table 4). One solution
of the pair (n, n) exists always, this is the scaled SU(2) solution. The second solution
of the pair with node structure (n, n) is a genuine SO(3) solution, whose existence
depends on the parameters γ and xH.
4.1.1 Scaled SU(2) solutions
Comparison of the equations of motion of the SO(3) embedding and those of the SU(2)
embedding shows, that to each SU(2) solution there corresponds a “scaled SU(2)”
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solution of the SO(3) system with precisely double the mass of its SU(2) counterpart.
Introducing
x = 2x˜ , (75)
µ(x) = 2µ˜(x˜) , (76)
K(x) = 2w(x˜) , H(x) = 0 , (77)
and
φ(x) = φ˜(x˜) , (78)
the functions µ˜, w and φ˜ satisfy the SU(2) equations with coordinate x˜. Obviously, these
scaled SU(2) solutions, having node structure (n, n), then converge to the corresponding
EMD solutions with scaled magnetic charge P = 2. Thus these solutions and their
properties are obtained by simply scaling the solutions of section 3.
4.1.2 Genuine SO(3) solutions
Although the two gauge field functions u1 and u2 of the genuine SO(3) solutions have
the same node structure (n, n) as the scaled SU(2) solutions, they are not proportional
to each other. We now discuss the dependence of the genuine SO(3) solutions on the
dilaton coupling constant and on the horizon. The regular solutions exist for all values
of the dilaton coupling constant and (supposedly) for all values of n. Considering
the SO(3) solution with node structure (n, n) as a function of the horizon for a fixed
dilaton coupling constant, we observe, that it merges into the corresponding “scaled
SU(2)” solution at a critical value of the horizon xcrH(γ). This critical behaviour was
first observed for vanishing dilaton coupling [12]. In the parameter ranges where the
genuine SO(3) solutions exist, they have a slightly higher energy than their “scaled
SU(2)”counterparts.
In Fig. 9, we show as an example the matter functions H and K of the genuine
SO(3) solution (5, 5) for γ = 1 and several values of the horizon. At the critical value
xcrH = 0.03 the solution becomes identical to the “scaled SU(2)” solution, i. e. the
gauge field function H vanishes identically. In Fig. 10, we show the critical value of the
horizon xcrH as a function of the dilaton coupling constant γ for the lowest odd solutions,
n = 1, 3 and 5. The critical horizon first decreases as a function of the dilaton coupling
constant, reaches a minimum and then increases linearly with γ, xcrH = b(n)γ (with
b(1) = 0.677, b(3) = 0.0151, b(5) = 0.0004) for γ ≫ 1. Only for γ = 0 the critical value
of the horizon xcrH(n) converges with increasing n to a finite limit, x
cr
H(∞) = 1.3122.
We further show in Fig. 10, the innermost nodes of the corresponding regular genuine
SO(3) solutions as a function of the dilaton coupling constant. We observe, that for
each value of n, the two curves closely follow each other. In general, the critical value
of the horizon is slightly smaller than the innermost node of the corresponding regular
SO(3) solution. Only for n = 1 the two curves cross at γ = 0.9576. (The curves
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with the innermost nodes of the corresponding regular “scaled SU(2)” solutions also
have the same shape but lie somewhat higher.) From our previous considerations on
SU(2) black holes, this behaviour is not unexpected. There, when the horizon of the
black hole becomes larger than the innermost node of the regular solution, the solution
loses most of its structure. Here, since the genuine SO(3) black hole solutions have
more structure than the “scaled SU(2)” black hole solutions, this additional structure
disappears, and thus the genuine SO(3) solution disappears, when the horizon comes
close to the vicinity of the innermost node of the regular SO(3) solution.
This observation demonstrates even more the importance of the innermost nodes of
the regular solutions for the black hole solutions. For the SU(2) solutions, the innermost
nodes of the regular solutions rule the pattern of convergence of the sequences of black
hole solutions. For the genuine (n, n) SO(3) solutions, they determine the range of
existence of the corresponding black hole solutions.
4.2 (0, n) sequences
The two lowest neutral black hole solutions of the SO(3) embedding have node structure
(0, 1) and (0, 2). They are the first members of the sequence (0, n). For a given event
horizon and dilaton coupling constant, this sequence tends to the EMD black hole
solution with the same event horizon, the same dilaton coupling constant and with
magnetic charge P =
√
3 [7]. Table 5 shows the dimensionless mass, the dilaton charge
and the Hawking temperature for the lowest solutions of this sequence for γ = 1 and
horizon xH = 1.
Previously, we have only demonstrated the convergence of the global properties of
this sequence. Here we consider in addition, the convergence of the spatial functions
of the solutions of this sequence with increasing node number n. As in the SU(2) case,
the location of the innermost node of the regular solution with n nodes determines the
degree of convergence of the corresponding black hole solution with n nodes and horizon
xH. (Remember, that the nodes of the function u2(x) correspond to the intersections
of the functions K(x) and H(x).) We observe that the black hole solution with n
nodes has already largely converged to the corresponding limiting EMD solution, if the
innermost node of the regular solution with n nodes is smaller than the horizon. It has
not yet converged well, if the innermost node of the regular solution is larger than the
horizon. Thus the pattern of convergence of the (0, n) sequence is fully analogous to
the SU(2) case. We demonstrate this in the following with a few examples.
Let us begin again with the case γ = 1, the case of the low energy effective action of
string theory. In Figs. 11a-c, we show the matter functions Kn and Hn, and the metric
functions Nn and P
2
n for the small horizon xH = 0.2 for n = 1, 3 and 5. (The matter
functions φn and the metric functions An are analogous to the SU(2) case and contain
no relevant new information.) From Fig. 11a, we observe, that with increasing n, both
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EYMD gauge field functions Kn and Hn approach the same limiting function
Kn(x)
n→∞−→ f(x)√
2
, Hn(x)
n→∞−→ f(x)√
2
, (79)
where f is constant
f(x) ≡ 1 . (80)
To relate this limiting function f to the corresponding EMD solution with charge
P =
√
3 we inspect the EYMD equations of motion for the case K = H = f/
√
2.
(These equations are presented in appendix B.) Indeed, for f ≡ 1 these equations
reduce to the EMD equations of motion for a black hole with charge P =
√
3.
Let us now consider the degree of convergence of the black hole solutions of Figs. 11a-
c with xH = 0.2. For that purpose, we inspect the location of the innermost nodes of
the gauge field functions of the corresponding regular solutions, which are given in
Table 6. As for the regular SU(2) solutions, with increasing n the innermost nodes
decrease exponentially to zero. For the example of Figs. 11a-c, the innermost nodes of
the regular solutions are larger than the horizon for n = 1 and 3 and smaller than the
horizon for n = 5. We conclude, that the solution with n = 5 should be close to the
limiting EMD solution, also shown in Figs. 11a-c, whereas the solutions with n = 3
and n = 1 should still show large deviations from the limiting solution. This is indeed
the case. The functions φ5, N5 and A5 are almost indiscernible from the limiting EMD
functions, whereas the functions φ3, N3 and A3 deviate significantly from the limiting
functions in the region interior to the innermost node. The gauge field functions Kn
and Hn converge more slowly (and non-uniformly because of the boundary conditions
at infinity), but K5 ≈ H5 ≈ 1/
√
2 already in a large region of space. Also the charge
function P 25 has assumed its limiting value P
2 = 3 in a large region. In contrast, the
charge function P 23 still deviates slightly from the limiting value in the inner region and
P 21 deviates strongly.
We demonstrate the dependence of the black hole solutions on the horizon xH in
Fig. 12. There the gauge field functions K5 and H5 are shown for the event horizons
xH = 0, 0.5, 1 and 2. For the larger horizons, even the gauge field functions have
converged well in the inner region. (For the regular solutions the boundary conditions
inhibit a uniform convergence at the origin.) As for the SU(2) solutions, a more quan-
titative analysis of the degree of convergence of the solutions is obtained by studying
the functions ∆Kn, ∆Hn and ∆φn, where the functions ∆Kn and ∆Hn, are defined
as relative differences analogously to ∆φn (eq. (66)). We observe, that the function
∆Kn(xH) crosses the line indicating the location of the innermost node of the n-th
regular solution, z(1)n , at the value 0.75 for the larger n, while the function ∆Hn(xH)
crosses at the value 0.60. Both functions have fallen to the value 0.05, when they cross
the line indicating the location of the second node of the n-th regular solution, z(2)n . The
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function ∆φn is again much smaller than ∆Kn or ∆Hn and crosses the line indicating
z(1)n at a value on the order of 0.05 for the larger n.
The SO(3) solutions depend smoothly on the dilaton coupling constant γ. The γ
dependence of the convergence properties of the sequences of black hole solutions is
analogous to the SU(2) case. With increasing γ, the convergence of the sequences is
faster, with decreasing γ the convergence is slower. This is seen from Table 6, where
the innermost nodes of the lowest regular solutions of the (0, n) sequence are given for
γ = 0.1, 0.5, 1 and 2.
Again, the limit γ → 0 needs special consideration and will be discussed elsewhere
[34]. However, we already note, that for γ = 0 the limiting solution is more complicated
and analogous to the limiting SU(2) solution. For xH > P (P =
√
3), the limiting
solution is the RN solution, while for xH < P the limiting solution is the extremal RN
solution for x > P and apparently an oscillating solution for x < P .
Let us now consider the convergence of the global properties of the solutions. Turn-
ing to the thermal properties of the black hole solutions first, we show in Fig. 13 the
inverse Hawking temperature β as a function of the mass for the EYMD black holes
for n = 1 − 4 and γ = 1 as well as γ = 0. As in the SU(2) case, the EYMD inverse
temperature curves converge rapidly towards the limiting EMD and RN inverse tem-
perature curves. Consequently, we also observe phase transitions, depending on the
dilaton coupling constant and on the number of nodes. For instance, for γ = 0 and
n = 1, there are two critical values of the mass, µ1 = 1.561 and µ2 = 1.588. The critical
behaviour disappears beyond γ = 0.0293 for the lowest solution, while it occurs up to
larger values of γ for the solutions with larger n. For γ ≥ 1 no phase transitions occur.
The convergence of mass, dilaton charge and Hawking temperature is exponential,
analogous to the SU(2) case. For the dilaton coupling constant γ = 1, these global
properties are given in Table 5 for n = 1−5 together with their limiting values and the
constants of the exponential approximation formulae eqs. (67)-(69) [36]. For large val-
ues of the horizon, the xH-dependence in the approximation formulae can be extracted
according to eq. (70). The corresponding parameters are shown in Table 7.
4.3 (1, 1 + n) sequences
Let us now address the question, in which way the solutions with general node structure
(n1, n2) assemble into sequences and to what limiting solutions these sequences con-
verge. The existence of the sequence (0, n), where one gauge field function has no node,
whereas the other function has an increasing number of nodes, suggests one to examine
the set of solutions, where one of the gauge field functions has one node, whereas the
other function has an increasing number of nodes. We thus consider the set of solutions
(1, 1 + n). The first solution of this set is the solution (1, 2); it has n = 1. (The solu-
tion (1, 0) is equivalent to the solution (0, 1) and belongs to the (0, n) sequence. The
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solutions (1, 1) are members of the (n, n) sequences.) In the following, we demonstrate
that for any value of the dilaton coupling constant γ and of the horizon xH, the set of
solutions (1, 1 + n) indeed forms a sequence, tending to a limiting solution.
To identify the limiting solution, let us consider an example. In Figs. 14a-c we
show the matter functions Kn and Hn, and the metric functions Nn and P
2
n for the
horizon xH = 0.2 and n = 1, 3 and 5 for γ = 1. As for the (0, n) sequence, in the limit
n→∞ both EYMD gauge field functions Kn and Hn approach a single function f(x).
However, in contrast to the (0, n) sequence, this function is not a constant; it depends on
x and has one node. Obviously the limiting solution cannot be a magnetically charged
EMD black hole. Instead the limiting solution turns out to be the lowest magnetically
charged SU(3) black hole solution found in [26]. This limiting solution is also shown in
Figs. 14a-c.
In fact, the simpler system of equations obtained with only one gauge field function,
(see appendix B)
K(x) ≡ H(x) ≡ f(x)/
√
2 , (81)
possesses SU(3) black hole solutions with magnetic charge P =
√
3. Such charged black
hole solutions have been constructed before for the dilaton coupling constants γ = 1 [26]
and γ = 0 [25]. The equations for these charged black hole solutions closely resemble
the SU(2) equations (and correspond to the SU(2)×U(1) equations). Not surprisingly
therefore, the charged black hole solutions form a sequence, which can be labelled by
the number of nodes j of the single gauge field function f [26, 25]. Like the EMD
black holes, for finite dilaton coupling constant γ, these charged black hole solutions
with j nodes exist down to arbitrary small values of the horizon. In the “extremal”
limit xH = 0, the solutions present naked singularties like their EMD counterparts.
(The “extremal” limit is discussed in appendix B.) In contrast, for vanishing coupling
constant γ, the extremal black hole solutions have a finite horizon, xH = P (P =
√
3),
analogous to the RN case [25].
Turning back to the (1, 1+n) sequence of EYMD solutions, we observe, that for any
finite value of the dilaton coupling constant and any finite event horizon, the sequence
of neutral black hole solutions tends to the magnetically charged SU(3) solution with
one node, j = 1. This limiting solution has the same dilaton coupling constant, the
same horizon, and it has magnetic charge P =
√
3. For finite dilaton coupling constant
γ, the “extremal” solution with j = 1 represents the limiting solution of the regular
neutral SO(3) sequence (1, 1+ n). However, for zero coupling constant γ, the extremal
black hole solution has a finite horizon, xH = P , therefore the limiting solution is again
more complicated for values of the horizon smaller than P [34].
The convergence properties of the solutions of the (1, 1 + n) sequence are again
analogous to those of the SO(3) (0, n) sequence and the SU(2) sequence. The location
of the horizon with respect to the innermost nodes of the function u2 of the regular
solutions determines the degree of convergence of the black hole solutions. The inner-
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most nodes of the regular solutions are shown in Table 6 for several values of the dilaton
coupling constant γ. For the example of Figs. 14a-c, the horizon is slightly smaller than
the innermost node of the regular solution with n = 3. Consequently, the black hole
solution with n = 5 has already converged well, the solution with n = 3 has almost
converged, and the solution with n = 1 is far from convergence. Note the interesting
shape of the limiting charge function P 2∞(x), which is already approached well in the
inner region by P 25 and in a smaller region by P
2
3 . The limiting charge function has two
plateaus, an inner plateau at 3.790 and an outer plateau at the magnetic charge of the
solution, P 2 = 3.
The global properties of the lowest solutions of the (1, 1+n) sequence for γ = 1 and
xH = 1 are given in Table 5. The inverse temperature as a function of mass is shown
for the lowest solutions of the (1, 1 + n) sequence and for the charged limiting j = 1
solution in Fig. 15 for γ = 1 and γ = 0. The exponential convergence of the global
properties is demonstrated in Table 5 and Table 7 for γ = 1.
4.4 (j, j + n) sequences
From the above results, it is clear, in which way the remaining SO(3) solutions fall
into sequences. The next sequence is formed by the solutions (2, 2+n), beginning with
the solution (2, 3). In Figs. 16a-b, we show the matter functions Kn and Hn, and the
charge functions P 2n for n = 1, 3 and 5, the horizon xH = 0.2, and the dilaton coupling
constant γ = 1. In the limit n → ∞, both EYMD gauge field functions Kn and Hn
approach a single function f(x) which has two nodes. This limiting function is the
gauge field function of the magnetically charged SU(3) EYMD black hole solution with
two nodes, j = 2, and charge P =
√
3.
In general, we observe, that for any finite dilaton coupling constant γ, the (2, 2+n)
sequence of EYMD solutions tends to the corresponding magnetically charged SU(3)
solution with two nodes, j = 2, and magnetic charge P =
√
3. Considering the conver-
gence properties of the solutions of the (2, 2 + n) sequence, we observe that they are
again analogous to those of the above sequences (0, n) and (1, 1 + n). The location of
the horizon with respect to the innermost nodes of the regular solutions determines the
degree of convergence of the black hole solutions.
In the example of Figs. 16a-b, the horizon is located well behind the innermost node
of the regular solution with n = 3, as can be seen in Table 6 [38]. Consequently, the
black hole solutions with n = 5 and n = 3 have already converged well, whereas the
solution with n = 1 is still far from convergence. In particular, also the charge function
P 2∞ of the limiting solution is well approached in the inner region by P
2
5 and P
2
3 . We
note, that the inner plateau of the limiting charge function has increased in height to
3.964 and has also increased in size. We further note, that the deviations ∆Kn fall on
top of each other for j = 0, 1 and 2, when regarded as functions of the scaled horizon
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xH/z
(1)
5 (j), and the same is true for the deviations ∆Hn.
The global properties of the lowest solutions of the (2, 2 + n) sequence are given in
Table 5. The exponential convergence with n of the global properties is demonstrated
in Tables 5 and 7, where we anticipate also an exponential convergence with j.
By generalizing the above observations we see, that (apart from the (n, n) solutions
considered separately above) the neutral SO(3) EYMD black hole solutions assemble
into sequences (j, j + n), with fixed index j ≥ 0 and running index n ≥ 1. For any
finite value of the dilaton coupling constant and any finite event horizon, the sequence
(j, j+n) of neutral black hole solutions tends to the magnetically charged SU(3) solution
with j nodes, the same dilaton coupling constant, the same horizon, and with magnetic
charge P =
√
3. For finite dilaton coupling constant γ, the “extremal” solution with j
nodes represents the limiting solution of the regular neutral SO(3) sequence (j, j + n).
(For coupling constant γ = 0, the limiting solution is the RN solution if xH > P ; it is
again more complicated, if xH < P [34].)
Let us finally consider the sequence of the sequences (j, j + n) of SO(3) solutions,
with running index j. The lowest SO(3) sequence has j = 0. It approaches an EMD
solution with magnetic charge P =
√
3 since f ≡ 1. The (j, j + n) sequences approach
the EYMD solutions with magnetic charge P =
√
3 and j nodes. In the limit j →∞,
the limiting solutions of the sequences tend to a limiting solution themselves. This
limiting solution has f ≡ 0, and therefore it is again an EMD solution. But this
limiting EMD solution has magnetic charge P = 2. (It is also identical to the limiting
solution of the sequence of scaled SU(2) solutions.) The inverse temperature curves of
the limiting charged solutions for j = 1 − 4 are shown in Fig. 17, together with the
curves for j = 0 and j =∞ for γ = 1 and γ = 0.
5 Conclusion
We have considered sequences of magnetically neutral, static, spherically symmetric
black hole solutions of SU(3) Einstein-Yang-Mills-dilaton theory, based on the SU(2)
embedding and on the SO(3) embedding. Such sequences of black hole solutions exist
for arbitrary dilaton coupling constant γ and arbitrary event horizon xH. In the limit of
vanishing event horizon, sequences of regular EYMD solutions are found. In the limit
of vanishing dilaton coupling constant, sequences of EYM solutions are obtained.
The equations of motion for the EYMD system, together with the boundary condi-
tions, allow for relations between the metric and the dilaton field. Black hole solutions
satisfy a relation between mass and dilaton charge, D = γ(µ(∞)− 2πx2HT ), where T is
the Hawking temperature. Regular solutions satisfy two simple relations, D = γµ(∞)
and φ(x) = γ ln(
√−gtt). These relations hold for static, spherically symmetric solutions
with magnetic gauge fields of general gauge groups.
The members of the SU(2) EYMD sequences are labelled by the number of nodes
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n of the single gauge field function. In the limit of large n, for a given dilaton coupling
constant γ and a given horizon xH, the corresponding sequence of black hole solutions
tends to the EMD black hole solution [1, 2] with magnetic charge P = 1, the same
coupling constant and the same horizon. The corresponding sequence of regular EYMD
solutions tends to the corresponding “extremal” EMD solution.
The solutions of the SO(3) embedding can be labelled by their node structure
(n1, n2), representing the number of nodes of both gauge field functions. The SO(3) so-
lutions fall into sequences of two types. Most solutions belong to the first type, having
node structure (j, j + n), where j labels the sequence itself and n labels the members
of the sequence, i. e. the lowest sequence has j = 0, the next j = 1, etc. The solutions
of the second type have node structure (n, n). Beside the “scaled SU(2)” solutions,
there exist also genuine SO(3) solutions of this type. With regard to the genuine SO(3)
solutions, the above labelling of the solutions by their node structure appears to be
unique.
In the limit of large n, for a given dilaton coupling constant γ and a given horizon
xH, the corresponding sequence of black hole solutions with node structure (j, j + n)
and finite j tends to the magnetically charged SU(3) EYMD black hole solution with j
nodes [26], which has the same coupling constant, the same horizon and magnetic charge
P =
√
3. The correspoding sequences of regular solutions tend to the corresponding
“extremal” magnetically charged EYMD solutions.
For j = 0 and j →∞, the magnetically charged EYMD SU(3) black hole solutions
have constant gauge field functions. Therefore the limiting solutions in these cases are
again charged EMD black hole solutions, having magnetic charges P =
√
3 and P = 2,
respectively.
The genuine SO(3) solutions of type (n, n) differ from those of type (j, j + n) in
an important aspect. They do not exist for all values of the dilaton coupling constant
γ and the horizon xH. Instead, for each value of the coupling constant, there exists a
critical value of the horizon, where the genuine SO(3) solution (n, n) merges into the
corresponding “scaled SU(2)” solution.
In the case of vanishing dilaton coupling constant, the sequences of neutral EYM
black hole solutions tend with increasing n to magnetically charged EYM black hole
solutions [25] and to RN black hole solutions (for (0, n) and scaled SU(2) (n, n)), as
long as the horizon is larger than the magnetic charge. If the horizon is smaller than
the magnetic charge, the limiting solutions are more complicated [13, 14, 15, 16, 34].
All sequences of black hole solutions exhibit the same pattern of convergence. The
degree of convergence of a given EYMD black hole solution, labelled by n within the
corresponding sequence, depends on the relative location of the horizon to the innermost
node of the corresponding regular EYMD solution. If the horizon is larger than the
location of this node, then the functions of the EYMD black hole solution have largely
converged to the functions of the limiting solution. If the horizon is smaller than the
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location of this innermost node, then the functions of the EYMD black hole solution
still differ appreciably from those of the limiting solution, with a tendency to approach
the functions of the regular EYMD solutions for small x.
The location of the innermost nodes of the regular EYMD solutions converges to
zero exponentially, for all sequences. The larger (smaller) the dilaton coupling constant,
the faster (slower) the convergence. For γ = 0 the location of the innermost nodes
converges to a finite value for the various sequences.
For all sequences, the convergence of the global properties of the EYMD solutions,
such as mass, dilaton charge and Hawking temperature, to those of the limiting charged
solutions is exponential. The coefficients depend on the dilaton coupling constant γ,
yielding a fast convergence for large γ and a slow convergence for small γ.
Obviously, the thermodynamic properties of the EYMD black hole solutions also
tend to those of the corresponding limiting solutions for large n. The occurrence of
phase transitions, where the specific heat changes sign, depends on the dilaton coupling
constant γ. Only for γ < 1 phase transitions can occur.
Addressing the stability of the solutions, we note that the SU(2) and SU(3) EYM
black hole solutions are unstable [18, 19, 21, 4, 22, 12], and so are the SU(2) EYMD
black hole solutions [4]. We therefore conjecture, that the genuine SO(3) EYMD black
hole solutions are also unstable. It appears to be interesting to study the number of
unstable modes of the genuine SO(3) black hole solutions and look for a relation to the
number of nodes of the solutions, in analogy to the SU(2) case, where the black hole
solution with n nodes has 2n unstable modes [20, 21].
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6 Appendix A: Einstein-Maxwell-Dilaton Black Holes
We here briefly recall the well-known static, spherically symmetric EMD black hole
solutions with magnetic charge P [1, 2]. Following the notation of [2], we introduce the
coordinate X via
x = X
(
1− X−
X
) γ2
1+γ2
, (82)
X = X− then corresponds to the origin x = 0. (The coordinates x and X correspond
to R and r of [2], respectively.) The metric then takes the form
ds2 = −λ2dt2 + λ−2dX2 + x2(dθ2 + sin2 θdφ2) , (83)
with
λ2 =
(
1− X+
X
)(
1− X−
X
)(1−γ2)/(1+γ2)
. (84)
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The non-vanishing component of the Maxwell field strength tensor is given by
Fθφ = P sin θ (85)
and the dilaton field by
e2φ =
(
1− X−
X
)2γ/(1+γ2)
. (86)
The parameters X+ and X− are determined by the regular event horizon xH
xH = X+
(
1− X−
X+
) γ2
1+γ2
(87)
and by the magnetic charge P
P =
(
X+X−
1 + γ2
) 1
2
. (88)
The black hole solutions have mass µ(∞)
µ(∞) = X+
2
+
(
1− γ2
1 + γ2
)
X−
2
(89)
and dilaton charge D
D =
γX−
1 + γ2
. (90)
Thus they satisfy a quadratic relation between mass, dilaton charge and magnetic
charge
µ2(∞) +D2 − P 2 =
(
X+ −X−
2
)2
. (91)
The EMD black hole solutions exist for arbitrary event horizon xH. The limit
xH → 0 is known as “extremal” limit. The “extremal” solutions have naked singularities
at the origin. For finite horizon the solutions satisfy relation (59), whereas in the
“extremal” limit they satisfy relations (61) and (62). For “extremal” EMD solutions
the quadratic relation (91) between mass, dilaton charge and magnetic charge simplifies
to
µ = P/
√
1 + γ2 . (92)
For comparison let us also note the metric functions A and N of the metric (8)
N =
λ2
A2
, A =
∂X
∂x
. (93)
For the “extremal” solutions
N(0) =
γ4
(1 + γ2)2
. (94)
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6.1 γ = 1
For γ = 1 the above formulae simplify considerably. The relation between the coordi-
nates x and X is easily inverted
X =
X− +
√
X2− + 4x2
2
. (95)
Eliminating the parameter X− via
X− =
2P 2
X+
, (96)
the parameter X+ is determined by
X+ =
√
x2H + 2P
2 (97)
for a given horizon xH and magnetic charge P . The mass, dilaton charge and Hawking
temperature then are
µ(∞) = X+/2 , (98)
D = P 2/X+ =
P 2
2µ(∞) , (99)
and
T/TS = xH/X+ =
xH
2µ(∞) . (100)
6.2 γ = 0
For γ = 0 the dilaton field decouples. The black hole solutions with magnetic charge
P are simply the Reissner-Nordstrøm solutions with metric (8), where
N =
(
1− 2µ
x
+
P 2
x2
)
, A ≡ 1 . (101)
The non-vanishing component of the Maxwell field strength tensor is given by eq. (85) as
above. For magnetically neutral black holes the metric (101) reduces to the Schwarzschild
metric, where P = 0.
7 Appendix B: Charged SU(3) Einstein-Yang-Mills
Black Holes
A restricted subset of SU(3) EYMD black hole solutions with K ≡ H has been studied
previously [26]. These solutions correspond to magnetically charged black holes [26].
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To derive their equations of motion, let us put K = H = f√
2
in the SO(3) equations,
eqs. (26)-(30). This yields for the metric functions [39]
µ′ =
1
2
Nx2φ′2 + e2γφ
[
Nf ′2 +
1
2x2
(
f 2 − 1
)2
+
3
2x2
]
, (102)
A′ =
2
x
[
1
2
x2φ′2 + e2γφf ′2
]
A . (103)
For the matter field functions we obtain the equations
(e2γφANf ′)′ = e2γφ
1
x2
Af
(
f 2 − 1
)
, (104)
(ANx2φ′)′ = 2γAe2γφ
[
Nf ′2 +
1
2x2
(
f 2 − 1
)2
+
3
2x2
]
. (105)
These equations differ from the SU(2) equations only by the presence of the term 3
2x2
in
the equations of µ and φ. In fact they correspond to magnetic SU(2)×U(1) equations.
In general a term of the form P
2
2x2
is present for magnetically charged solutions with
charge P . For the asymptotic behaviour of the gauge field function
f(x)
x→∞−→ 1 , (106)
the above solutions have magnetic charge P =
√
3, while for
f(x)
x→∞−→ 0 , (107)
their magnetic charge is P = 2.
Obviously, the condition K ≡ H is in conflict with the boundary conditions (33)
and (34), imposed on the gauge field functions of neutral black hole solutions at infinity.
Neither can the boundary conditions (44) and (45), imposed for the gauge field function
of regular solutions at the origin, be satisfied for solutions with K ≡ H . Therefore these
solutions have no regular limit [25]. For γ = 0 there exists for any n an extremal black
hole solution with finite horizon xH = P , in close analogy to the extremal RN solution
[25]. For γ 6= 0 the black hole solutions exist for any n down to arbitrary small horizon.
In the limit xH → 0 an “extremal” solution is obtained [26].
In the following we show, that this “extremal” solution is closely analogous to the
“extremal” EMD solution. To study the limit x→ 0, let us introduce new functions G
and Γ [26] by
G = eγφ , Γ = γxφ′ =
xG′
G
, (108)
with
G
x→0−→ G0x , Γ x→0−→ 1 . (109)
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Inserting the small x expansion for the functions G and f in eqs. (102), (103) and (105),
we obtain to lowest order
µ′ =
1
2
N
γ2
+
1
2
G20P
2 , (110)
xA′
A
=
1
γ2
(111)
and
(ANx)′ = γ2AG20P
2 . (112)
There are no contributions from the gauge field function to this order. Solving eqs. (110)
and (111) gives to lowest order in x
µ =
1
2
γ2
1 + γ2
(
1
γ2
+G20P
2) x , (113)
A = A0x
1
γ2 , (114)
where A0 is an integration constant. Eq. (112) then leads to
G20P
2 =
1
1 + γ2
. (115)
Thus we find to lowest order in x
µ =
1
2
1 + 2γ2
(1 + γ2)2
x , (116)
G =
1√
P 2(1 + γ2)
x , (117)
and at the origin
N(0) = (
γ2
1 + γ2
)2 . (118)
To determine A0 we note, that eq. (62) holds also for the “extremal” EYMD solutions.
Rewriting eq. (62) in terms of G(x) yields
G = (A2N)γ
2/2 . (119)
Inserting the small x expansions, eqs. (114), (117) and (118), we find the constant A0,
A0 =
1 + γ2
γ2
(
√
1 + γ2P )
− 1
γ2 . (120)
G0, A0 and N(0) coincide with the corresponding expressions for the “extremal” EMD
solutions in the limit X+ = X−.
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Using the functions G and Γ instead of φ and φ′, we have constructed the “extremal”
solutions numerically with the boundary conditions
G
x→∞−→ 1 , Γ(0) = 1 , (121)
and the boundary conditions of the regular solutions for the other functions.
Let us finally calculate the inverse Hawking temperature of the “extremal” solutions.
At the horizon the equations for µ and Γ are given by
µ′H = G
2
H[ ]H , ΓH =
2γ2G2H
xHN ′H
[ ]H . (122)
(The index H indicates the value of the functions at the horizon, [ ]H abbreviates an
irrelevant expression.) Eliminating G2H[ ]H in eq. (122) we find
µ′H =
ΓH
ΓH + γ2
µH
xH
. (123)
In the limit xH → 0 with ΓH → 1 and µH = xH2 we obtain
µ′H
xH→0−→ 1
2
1
1 + γ2
, i.e. (xN ′)H
xH→0−→ γ
2
1 + γ2
. (124)
(Note, that the limit x→ 0 for the “extremal” solutions coincides with the limit xH → 0
of the black hole solutions for the functions G, Γ, A, f , but not for N .)
Using the small x behaviour of A, eqs. (114) and (120), the inverse Hawking tem-
perature becomes in the limit of vanishing horizon
β(xH)
xH→0−→ 4π
(√
1 + γ2P
) 1
γ2
x
γ2−1
γ2
H . (125)
Thus for the “extremal” EYMD solutions β is finite for γ = 1, it diverges for γ < 1
and vanishes for γ > 1, completely analogous to the inverse Hawking temperature of
the “extremal” EMD solutions.
The limit of small horizon for the EYMD black hole solutions on the one hand and
the limit of small x for the “extremal” EYMD solutions on the other hand coincide
with the limiting behaviour of the corresponding EMD solutions. The reason is clearly,
that there is no explicit contribution from the gauge field in this limit. Therefore, for
γ = 1, β has the same value for the “extremal” EMD solution and for the “extremal”
EYMD solutions with j nodes, as seen in Fig. 17.
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(2, 2+n) for n ≤ 5 do not yet fall on straight parallel lines. This makes it difficult
to extract the asymptotic behaviour for large n. Employing
∆µn,j(∞) = µ∞,j(∞)− µn,j(∞) = bµ
x2H
e−(αµn+α¯µj) ,
(analogously for D) and
∆Tn,j = (T/Ts)n,j − (T/Ts)∞,j = bT
x3H
e−(αTn+α¯T j) ,
we find for the coefficients bµ ≈ 6.7, bD ≈ 19.3 and bT ≈ 25.6, and for the
exponents αµ ≈ αD ≈ αT ≈ 2.8 and α¯µ ≈ α¯D ≈ α¯T ≈ 3.7.
[38] Table 6 shows, that the innermost nodes of the regular solutions decrease approx-
imately exponentially with j for fixed n.
[39] The equations of [26, 25] contain a scale factor Re. They agree with our equations
(102)-(105) for Re = 2. The black hole solutions of [26] are presented for Re = 1,
and therefore tend to a scaled limiting solution with charge P = 1.
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µ(∞)
n xH .0 .01 .1 1.0
1 .57699 .57896 .59726 .83671
2 .68483 .68567 .69381 .86507
3 .70345 .70379 .70755 .86600
4 .70651 .70665 .70882 .86602
5 .70701 .70707 .70887 .86603
6 .70709 .70712 .70887 .86603
7 .70710 .70712 .70887 .86603
D
n xH .0 .01 .1 1.0
1 .57699 .57698 .57639 .51213
2 .68483 .68484 .68416 .57483
3 .70345 .70344 .70262 .57728
4 .70651 .70650 .70519 .57735
5 .70701 .70700 .70534 .57735
6 .70709 .70708 .70535 .57735
7 .70710 .70709 .70535 .57735
T/TS
n xH .0 .01 .1 1.0
1 .39365 .39601 .41750 .64915
2 .16649 .16900 .19299 .58048
3 .06773 .07028 .09870 .57744
4 .02738 .03000 .07256 .57735
5 .01106 .01388 .07059 .57735
6 .00446 .00809 .07054 .57735
7 .00180 .00711 .07053 .57735
Table 1
The mass µ(∞), dilaton chargeD and Hawking temperature T/TS for the SU(2) EYMD
regular solutions (xH = 0) and black hole solutions (xH = .01, .1 and 1) with up to
seven nodes n and dilaton coupling constant γ = 1.
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n γ
0.1 0.5 1.0 2.0
1 1.53846 1.42382 1.35402 1.62119
2 1.08289 .80649 .53637 .44233
3 .95933 .52922 .21751 .10992
4 .92289 .36395 .08791 .02606
5 .90328 .25272 .03550 .00612
6 .88668 .17577 .01434 .00143
7 .87082 .12229 .00579 .00034
cγ .018 .363 .907 1.451
dγ .988 1.550 3.308 8.661
Table 2
The location of the innermost node z(1)n (γ) for the SU(2) EYMD regular solutions up
to seven nodes n for several values of the dilaton coupling constant γ. The nodes are
well approximated by z(1)n (γ) = dγe
−cγn, with constants dγ , cγ also shown.
0 < xH ≤ 1 10 ≤ xH <∞
µ(∞) D T/TS µ(∞) D T/TS
δ 1.916 1.951 2.941 1.001 1.002 2.006
b 1.156 2.960 3.361 0.782 1.594 1.607
α 3.623 3.594 3.568 3.591 3.630 3.624
Table 3
The constants δ, b, α of the least square fits for ∆µn = µ∞(∞)− µn(∞) = bµ(xH)δµ e
−αµn
(and analogous for D and T/TS ) for the SU(2) EYMD sequence for γ = 1. The fits
have been done separately for the regions 0 < xH ≤ 1 and 10 ≤ xH <∞.
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(j, j + n) xH
0. 0.5 1.0 2.0
(0, 1) .90853 1.02708 1.16497 1.49442
(0, 2) 1.14153 1.20944 1.30297 1.57396
(1, 1)∗ 1.15397 1.25989 1.38135 1.67341
(1, 1) 1.18797 1.27399 1.38437 −
(0, 3) 1.20383 1.24529 1.32140 1.58069
(0, 4) 1.21958 1.24966 1.32279 1.58111
(0, 5) 1.22347 1.24998 1.32287 1.58114
(1, 2) 1.32130 1.37840 1.46227 1.71399
(1, 3) 1.36195 1.39923 1.47209 1.71729
(2, 2)∗ 1.36967 1.42005 1.49382 1.73014
(1, 4) 1.37300 1.40151 1.47278 1.71750
(2, 2) 1.37417 − − −
(2, 3) 1.39866 1.43109 1.49813 1.73148
Table 4
The mass of the lowest regular (xH = 0) and black hole (xH = 0.5, 1 and 2) SO(3)
EYMD solutions with a total number of nodes nT ≤ 5 and dilaton coupling constant
γ = 1. The asterix indicates the scaled SU(2) solutions. Note that the genuine SO(3)
black hole solutions with node structure (n, n) do not exist for all horizons.
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(j, j + n) µ(∞) D T/TS
(0, 1) 1.16497 .87027 .58942
(0, 2) 1.30297 1.08770 .43054
(0, 3) 1.32140 1.12979 .38322
(0, 4) 1.32279 1.13364 .37830
(0, 5) 1.32287 1.13388 .37798
(0,∞) 1.32288 1.13389 .37796
α0µ 2.798 2.786 2.780
a0µ 6.529 17.582 22.235
(1, 2) 1.46227 1.26493 .39467
(1, 3) 1.47209 1.28839 .36740
(1, 4) 1.47278 1.29029 .36499
(1, 5) 1.47283 1.29041 .36484
(1, 6) 1.47283 1.29042 .36483
(1,∞) 1.47283 1.29042 .36483
α1µ 2.773 2.748 2.727
a1µ .180 .443 .527
(2, 3) 1.49813 1.32829 .33968
(2, 4) 1.49843 1.32917 .33853
(2, 5) 1.49845 1.32922 .33846
(2, 6) 1.49845 1.32922 .33845
(2, 7) 1.49845 1.32922 .33845
(2,∞) 1.49845 1.32922 .33845
α2µ 2.806 2.801 2.803
a2µ .005 .015 .020
(∞,∞) 1.5 1.33333 .33333
Table 5
The mass µ(∞), dilaton chargeD and Hawking Temperatur T/TS for the SO(3) EYMD
black hole solutions of the sequences (j, j + n) with 0 ≤ j ≤ 2, 1 ≤ n ≤ 5 for
dilaton coupling constant γ = 1 and horizon xH = 1. For each sequence the limiting
values µj∞(∞), Dj∞ and (T/TS)j∞ are given. The masses µn(∞) are approximated by
µ∞(∞) − µn(∞) = ajµe−α
j
µn (and analogously D and T/TS), with the constants a, α
also shown. The last line contains the values obtained for µj∞(∞), Dj∞ and (T/TS)j∞
in the limit j −→∞.
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n j = 0 1 2 cn dn
1 2.47869 1.86167 1.69430 .094 2.046
2 1.86074 1.64685 1.58248 .040 1.714
3 1.64914 1.56969 1.53269 .024 1.608
γ = 0.1 4 1.57468 1.53460 1.50527 .019 1.565
5 1.53986 1.50966 1.48215 .018 1.538
cj .034 .019 .017
dj 1.821 1.663 1.611
1 2.29374 1.34077 .89474 .404 2.009
2 1.43827 .94746 .65374 .371 1.373
3 1.01694 .69874 .48400 .367 1.009
γ = 0.5 4 .75328 .52643 .36697 .361 .755
5 .56598 .39571 .27491 .364 .570
cj .293 .284 .283
dj 2.443 1.640 1.133
1 2.18639 .85307 .34698 .920 2.171
2 1.02365 .42121 .17227 .891 1.025
3 .50393 .20783 .08377 .897 .506
γ = 1 4 .24955 .10352 .04215 .889 .250
5 .12364 .05102 .02055 .897 .124
cj .716 .704 .706
dj 4.373 1.722 .704
1 2.62983 .68046 .16794 1.376 2.651
2 .91273 .23353 .05661 1.390 .921
3 .31115 .07745 .01818 1.420 .314
γ = 2 4 .10281 .02540 .00605 1.416 .103
5 .03357 .00824 .00193 1.428 .034
cj 1.091 1.105 1.117
dj 8.001 2.096 .520
Table 6
The location of the innermost node z(1)n for the SO(3) EYMD regular solutions with
node structure (j, j+n) with j ≤ 2 and n ≤ 5 for the dilaton coupling constants γ = 0.1,
0.5, 1, 2. The nodes are approximated by z(1)n (j) = dje
−cjn and z
(1)
j (n) = dne
−cnj, with
the constants dj, cj and dn, cn also shown.
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10 ≤ xH <∞
j = 0 j = 1 j = 2
µ(∞) D T/TS µ(∞) D T/TS µ(∞) D T/TS
δ 1.006 1.009 2.017 1.008 1.016 2.024 1.008 1.018 2.025
b 2.553 5.302 5.439 0.071 0.148 0.157 0.002 0.003 0.004
α 2.795 2.804 2.795 2.807 2.804 2.808 2.808 2.697 2.810
Table 7
The constants δ, b, α of the least square fits for ∆µn = µ∞(∞)− µn(∞) = bµ(xH)δµ e
−αµn
(and analogous for D and T/TS) for the SO(3) EYMD sequences (0, n), (1, 1 + n) and
(2, 2 + n) for γ = 1 and xH ≥ 10. For xH ≤ 1 see [37].
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Figure 1a: The SU(2) EYMD gauge field functions wn(x) with node number n = 1
(dotted), n = 3 (dashed), n = 5 (dot-dashed) and n = 7 (tripledot-dashed) for the
black hole solutions with horizon xH = 0.01 and dilaton coupling constant γ = 1. The
solid line shows the gauge field function of the limiting EMD solution with the same
horizon and dilaton coupling constant. The thin vertical lines indicate the location of
the innermost node of the corresponding regular solutions.
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Figure 1b: Same as Figure 1a for the dilaton functions φn(x).
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Figure 1c: Same as Figure 1a for the metric functions Nn(x).
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Figure 1d: Same as Figure 1a for the metric functions An(x).
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Figure 1e: Same as Figure 1a for the squared charge functions P 2n(x). Also the function
(1 + w7(x))
2 is shown (thin tripledot-dashed).
47
Figure 2a: The SU(2) EYMD gauge field functions wn(x) with node number n = 1
(dotted), n = 3 (dashed), n = 5 (dot-dashed) and n = 7 (tripledot-dashed) for the
regular solutions with dilaton coupling constant γ = 1. The solid line shows the gauge
field function of the “extremal” EMD solution with the same dilaton coupling constant.
The thin vertical lines indicate the location of the innermost nodes.
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Figure 2b: The same as Figure 2a for the metric functions Nn(x).
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Figure 3: The SU(2) EYMD gauge field functions w7(x) for the regular solution
(dotted) and the black hole solutions with horizon xH = 0.01 (dashed), xH = 0.1 (dot-
dashed) and xH = 1 (tripledot-dashed) for the dilaton coupling constant γ = 1. The
solid line shows the gauge field function of the “extremal” EMD solution.
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Figure 4a: The deviation at the horizon ∆wn(xH) = |wn(xH)−w∞(xH)| for the SU(2)
EYMD gauge field functions with up to five nodes as a function of the horizon xH for
the dilaton coupling constant γ = 1. The vertical lines indicate the location of the
innermost and second nodes of the corresponding regular solutions. The horizontal
lines show the deviations of 0.75, 0.27, 0.05 and 0.008 from the limiting value.
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Figure 4b: The relative deviation at the horizon ∆φn(xH) = |(φn(xH) −
φ∞(xH))/φ∞(xH)| for the SU(2) EYMD dilaton functions with up to five nodes as
a function of the horizon xH for the dilaton coupling constant γ = 1. The vertical lines
indicate the location of the innermost and second nodes of the corresponding regular
solutions.
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Figure 5: The inverse Hawking temperature β as a function of the mass µ(∞) for the
SU(2) EYMD solutions with node number n = 1 (dotted), n = 2 (tripledot-dashed),
n = 3 (dashed) and n = 4 (long dashed) for dilaton coupling constants γ = 1 and
γ = 0. The solid lines show the inverse Hawking temperature of the EMD and RN
solutions, respectively.
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Figure 6: The logarithm of the absolute deviation from the limiting solution ∆µn =
µ∞(∞)−µn(∞) for the SU(2) EYMD masses as a function of the node number n with
dilaton coupling constant γ = 1 for the regular solution (solid line) and the black hole
solutions (xH = 0.01, 0.1, 1, 10, 100 and 1000). The dotted lines indicate the least
square fits with fit constants given in Table 3.
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Figure 7a: The SU(2) EYMD gauge field function w7 of the black hole solutions with
horizon xH = 0.01 and dilaton coupling constants γ = 0 (dotted), γ = 0.5 (dashed),
γ = 1 (dot-dashed) and γ = 2 (tripledot-dashed). The solid line shows the gauge
field function of the EMD solution. The thin vertical lines indicate the location of the
innermost node of the corresponding regular solutions.
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Figure 7b: The SU(2) EYMD metric functions N7(x) of the black hole solutions with
horizon xH = 0.01 and dilaton coupling constants γ = 0 (dotted), γ = 0.5 (dashed), γ =
1 (dot-dashed) and γ = 2 (tripledot-dashed). The solid line shows the metric function
of the Reissner-Nordstrøm solution and the long dashed line the metric function of the
EMD solution with γ = 0.5. For γ = 1 and 2 the functions N7(x) and their limiting
EMD functions fall on top of each other and are indistinguishable. The thin vertical
lines indicate the location of the innermost node of the corresponding regular solutions.
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Figure 8: The inverse Hawking temperature β as a function of the mass µ(∞) for the
SU(2) EYMD solutions with node number n = 1 (dotted), n = 2 (tripledot-dashed),
n = 3 (dashed) and n = 4 (long dashed) for the dilaton coupling constants γ = 0.5
and γ = 2. The solid lines show the inverse Hawking temperature of the corresponding
limiting EMD solutions.
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Figure 9: The SO(3) EYMD gauge field functions K5(x) and H5(x) for the regular
solution (dotted) and black hole solutions with horizon xH = 0.01 (dashed), xH = 0.02
(dot-dashed) and xcrH = 0.03 (solid) with node structure (5, 5) and dilaton coupling
constant γ = 1.
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Figure 10: The critical horizon xcrH(γ) as a function of the dilaton coupling constant
γ of the SO(3) EYMD solutions with node structure (n, n) (dotted) together with the
location of the innermost nodes of the corresponding regular solutions (dashed). Also
shown are the locations of the innermost nodes of the scaled SU(2) solutions (dot-
dashed) with the same node structure.
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Figure 11a: The SO(3) EYMD gauge field functions Kn(x) and Hn(x) of the solutions
with node structure (0, n) for dilaton coupling constant γ = 1 and horizon xH = 0.2,
for n = 1 (dotted), n = 3 (dashed) and n = 5 (dot-dashed). The solid line shows the
gauge field function of the limiting EMD solution with magnetic charge P 2 = 3 and
the same dilaton coupling constant and horizon. The thin vertical lines indicate the
location of the innermost node of the corresponding regular solutions.
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Figure 11b: The same as Figure 11a for the metric functions Nn(x).
61
Figure 11c: The same as Figure 11a for the squared charge functions P 2n(x).
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Figure 12: The SO(3) EYMD gauge field functions K5(x) and H5(x) with node
structure (0, 5) and dilaton coupling constant γ = 1 for the regular solution (dotted)
and black hole solutions xH = .5 (dashed), xH = 1 (dot-dashed) and xH = 2 (tripledot-
dashed). The solid line shows the gauge field function of the “extremal” EMD solution
with magnetic charge P 2 = 3 and the same dilaton coupling constant.
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Figure 13: The inverse Hawking temperature β as a function of the mass µ(∞) for the
SO(3) EYMD solutions with node structure (0, n) for the dilaton coupling constants
γ = 0 and γ = 1 and node number n = 1 (dotted), n = 2 (tripledot-dashed), n = 3
(dashed) and n = 4 (long dashed). Also shown is the inverse Hawking temperature of
the limiting EMD and RN solutions (solid).
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Figure 14a: The SO(3) EYMD gauge field functions Kn(x) and Hn(x) of the solutions
with node structure (1, 1 + n) for the dilaton coupling constant γ = 1 and horizon
xH = 0.2, for n = 1 (dotted), n = 3 (dashed) and n = 5 (dot-dashed). The solid line
shows the gauge field function of the limiting charged SU(3) EYMD solution with one
node, j = 1, and magnetic charge P 2 = 3. The thin vertical lines indicate the location
of the innermost node of the corresponding regular solutions.
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Figure 14b: The same as Figure 14a for the metric functions Nn(x).
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Figure 14c: The same as Figure 14a for the squared charge functions P 2n(x).
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Figure 15: The inverse Hawking temperature β as a function of the mass µ(∞) for the
SO(3) EYMD solutions with node structure (1, 1+n) for the dilaton coupling constants
γ = 0 and γ = 1 and node number n = 1 (dotted), n = 2 (tripledot-dashed), n = 3
(dashed) and n = 4 (long dashed). Also shown is the inverse Hawking temperature
of the limiting charged SU(3) EYMD and EYM solutions with one node, j = 1 and
magnetic charge P 2 = 3.
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Figure 16a: The SO(3) EYMD gauge field functions Kn(x) and Hn(x) of the solutions
with node structure (2, 2 + n) for the dilaton coupling constant γ = 1 and horizon
xH = 0.2, for n = 1 (dotted), n = 3 (dashed) and n = 5 (dot-dashed). The solid line
shows the gauge field function of the limiting charged SU(3) EYMD solution with two
nodes, j = 2, and magnetic charge P 2 = 3.
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Figure 16b: The same as Figure 16a for the squared charge functions P 2n(x).
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Figure 17: The inverse Hawking temperature β as a function of the mass µ(∞) for
the charged SO(3) EYM and EYMD solutions with magnetic charge P 2 = 3 for dilaton
coupling constants γ = 0 and γ = 1 and node number j = 1 (dotted), j = 2 (tripledot-
dashed), j = 3 (dashed) and j = 4 (long dashed). Also shown is the inverse Hawking
temperature of the RN and EMD solutions with magnetic charge P 2 = 4 (solid) and
P 2 = 3 (thin dotted).
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